INTRODUCTION
Chiral media, which were discovered in the last century, have been of much scientific interest and many practical applications to scientists and engineers in many different fields (e.g., physics, chemistry, and biology). The conventional and simple constitutive relations governing the electromagnetic fields in optically active chiral media no longer hold. Instead, more complex relationships between the electric-and the magnetic-field quantities will have to be used to analyze the behaviors of the macroscopic electromagnetic fields in the presence of chiral objects. Resulted in from numerous applications in the fields of electromagnetic scattering, antenna radiation, and radio propagation, much attention has been paid during the past a few decades to the interaction of electromagnetic fields with such chiral media. There has been a lot of research work contributing significantly to this field, for instance, those work associated with chiral media [1] [2] [3] [4] [5] [6] .
Among the research work associated with electromagnetic wave scattering by chiral objects, analytic solutions for electromagnetic scattering by chiral spheres [7] [8] [9] , circular cylinder(s) [10] [11] [12] [13] , spherical shells [14, 15] , and spheroid [16] are available in the literature. There has, to the best of our knowledge, been no analytic solution to an inhomogeneous or multilayered chiral sphere. This work is to obtain an analytic solution to the problem of the electromagnetic scattering by an inhomogeneous and/or multilayered chiral sphere.
In this paper, an analytic solution to the problem is obtained by applying the discrete analysis of multilayered structures to such an inhomogeneous chiral sphere. Fields in each region of the chiral sphere are obtained and expanded in terms of spherical vector wave functions. Their scattering coefficients are derived by applying boundary conditions at all the spherical interfaces and expressed in recursive coefficient matrices. To check the newly developed algorithm for verification of correctness, electromagnetic scattering by a chiral sphere is first calculated and its results are compared for with those in [9] . After that, two cases are considered, i.e., one is a two-layered sphere coated with a lossless chiral outer layer of parameters in [11] , and the other is a two-layered sphere coated with a lossy outer chiral layer of parameters in [13] . Comparison are also made to show how the current technique works and what the accuracy is. After the algorithm developed in the current work is examined, an inhomogeneous chiral sphere whose permittivity varies against its radial distance is then considered. The chiral sphere is then discretized into ten layers, each of which is assumed to have approximately constant permittivity. The technique developed in the paper for a multilayered chiral sphere is then applied in the analysis. Although only four cases are considered herein, the algorithm developed is actually applicable to a chiral sphere of other dimensions and material characteristics for both horizontal and vertical polarizations of the incident waves.
The paper is organized in the order given subsequently. In Section 2, the coupled wavefield equations in a chiral medium are decoupled. The electric and magnetic fields are then expanded in terms of spherical vector wave functions. The coefficients of scattered electromagnetic fields are derived in Section 3. The calculation of the normalized radar cross sections (RCS's) is carried out in Section 4. Numerical results are obtained in Section 5 for demonstrating the usefulness, effectiveness, and applicability of the method.
FORMULATION OF THE PROBLEM

The Wavefield Equations in Chiral Media
Consider a radially N -layered geometry of the chiral medium. The incident wave is assumed to be in the first region of the spherically N -layered medium. Without loss of generality, each region of the layered structure is assumed to be a chiral medium which is usually characterized by the following set of constitutive relations:
where ε f , µ f , and ξ f are the medium's permittivity, permeability and chirality parameters, respectively, and f = 1, 2, · · · , N . The parameters, ε f , µ f and ξ f , could be lossy (complex quantities) or lossless (real quantities). If ξ c =0, then (1a) and (1b) reduce to the constitutive relations for an achiral medium. To simplify the following developments, (1a) and (1b) are rewritten into
where the effective permittivity fc is defined as
In a chiral medium without source distributions, the wave equations after the aforementioned constitutive relations are substituted are
By following Bohren's procedure [7] , the coupling caused by [k] in the wave equations can be removed by diagonalizing [k] such that
and
where E I and E II are the amplitude of the incident electric fields of the parallel ( I ) and perpendicular ( II ) polarizations, α is the incident angle. It is assumed for convenience that the incident wave lies on the x z-plane, i.e., φ = 0 . For easily match boundary conditions satisfied by the tangential field components on the spherical surfaces, the incident electromagnetic fields can be expanded in terms of spherical vector wave functions that are defined in the spherical coordinates system as follows:
where z n (kr) represents the spherical Bessel functions of n-order, and P m n (cos θ) identifies the associated Legendre function of the first kind with the order (n, m) .
The incident waves under the two polarizations have, as introduced by Morrison and Cross [17, 18] , the following forms are derived:
where the spherical Bessel functions of the first kind, i.e., z n (k 0 r) = j n (k 0 r) , are used in the above vector wave functions, the orthogonal properties of M e o mn (k 0 ) and N e o mn (k 0 ) are considered, and the coefficients of the expanded incident electromagnetic fields, P i e o mn and Q i e o mn , are given by
where δ mn ( = 1 for m = n ; and 0 for m = n ) denotes the Kronecker symbol, and N mn is the normalization coefficient from the Legendre polynomial orthogonality relations given by
When α = 0 • or 180 • , all the coefficients with m = 1 vanish, thus (15a) and (15b) reduce to
The parallelly polarized waves in chiral media can be written in the form of eigenfunction expansion and considered as a superposition of right and left circularly polarized fields. The left-and right-handed circularly polarized fields can be expressed using spherical vector wave functions as: (18), it means the summation form of both even and odd modes should be taken into account.
The electric field and magnetic field in f -th region can be expressed in the following form:
Under the spherical coordinates, the electromagnetic fields usually consist of the radially outgoing-and incoming-propagation wave modes. Hence, the electric and magnetic fields in regions from the second layer to the ( n − 1-th layer are expressed as:
While only the inward waves exist in the inner-most layer and the outward waves in the outer-most layer. Therefore, the coefficients corresponding to the outgoing waves in the inner-most layer and to the incoming waves in the outer-most layer must vanish. The electric field in the out-most and inner-most layer are written as follows, respectively:
where k 0 stands for the free-space wave number outside the multilayered chiral sphere, given by
DETERMINATION OF THE SCATTERING COEFFICIENTS
The electric and magnetic fields satisfy the following boundary conditions at the spherical interfaces r = a j ( j = 1, 2, · · · , N − 1 ):
Without any loss of generality for the problem, we extend (23a)-(23b) into a linear equation system. To simplify the complicated algebraic calculations, let us introduce the following operators [6] (r,l)
Replacing the linear equation system by the coefficient transmission matrices, we have the following matrix equations
where the parameter and coefficient matrices are defined as [6] :
with
To simplify the derivation of the coefficients , we found the inverse of F f +1 by using commercially available softwares with symbolic calculations such as Mathematica. We can rewrite the linear matrix equation (26) into the following form [6] C
where the transmission matrix in the eigen-expansion domain is given by:
For convenience and simplification, let us assume that
According to equation (29), we have the relation
which can be rewritten as:
where
For simplicity, only the formulation for the parallelly polarized incident wave is shown and the electric-field intensity is assumed to be of unit amplitude. For the perpendicularly polarized incident wave, the same procedure follows. The incident wave of the parallel polarization has the following forms:
Based on the equations (14a) and (21a), we obtain :
From Eqs. (29) to (34), we can derive the scattering coefficients, C 11 and C 12 , as follows:
13 T
22 − T
23 T
(1) 12 2 T
12 T
21 − T
11 T
(1) 22
14 T
24 T
23 − T
(1) 21
(1)
.
The scattered electric field can be then written as:
RADAR CROSS SECTION
The bistatic cross section is defined as
in which |E s | and E i are the amplitudes of scattered and incident electric fields, respectively. The normalized bistatic cross section is so defined as
where a is the outmost radius of the multilayered chiral sphere.
By using the asymptotic form of Hankel function for large argument given as follows:
the normalized bistatic cross section can be expressed as:
(43b)
NUMERICAL RESULTS
To show how the approach can be implemented numerically, an algorithm in its syntax form has been developed under the environment of Mathematica package. Numerical results are illustrated in this section. It is found that generally, the normalized bistatic cross sections are dependent upon various parameters characterizing the geometry, the material properties, and the incident fields. The normalized radar cross section versus θ for a single (or so-called one-layered) sphere is plotted in Fig. 1 . The second curve represents our results whereas the first curve shows the results of Rojas [9] (2) results from Rojas using the integral equation method [9] .
After we have verified the correctness of our method, formulation, and algorithm, subsequently, we will make four applications. In order for our results to be comparable, we have chosen some known sets of chiral parameters in our analysis.
In the first application, we consider a two-layered sphere coated with a lossless chiral outer layer. Fig. 2 shows the variation of the normalized bistatic cross section versus the spherical polar angle θ at different incident angles. The radii of the two-layered sphere are 25 cm and 75 cm respectively, and the operating frequency used is 300 MHz. The inner-most layer is isotropic with relative dielectric constant of r = 2.0 and relative permeability of µ r = 1.0 . The out-layer is a chiral layer with r = 3.0 and µ r = 2.0 [11] . Fig. 3(a) presents the normalized RCS pattern in the φ = 0-plane for ξ = 0.001 and Fig. 3(b) shows that in the φ = π 2 -plane for the same ξ . The RCS variation is also obtained and plotted for the cases of various plane wave incident angles at end-fire ( α = 0 • ) and other α 's of 30 • , 60 • , and 90 • respectively. As the incident angle is equal to 90 • , a symmetric variation has been exhibited.
In the second application, we also consider a two-layered sphere but coated with a lossy chiral outer layer. Fig. 3 depicts the variation of the normalized bistatic cross section with respect to θ at different incident angles. The radii of the two-layered sphere are 0.1λ 0 and 0.4λ 0 , respectively. The relative dielectric constant r of the chiral material is chosen as r = (3.0 − 0.15i) , and the relative permeability is µ r = (2.0 − 0.1i) [9] . The isotopic inner-most layer has a relative permittivity and a relative permeability of 2.0 and 1.0, respectively. Fig. 4(a) shows the RCS's in the φ = 0-plane for ξ = 0.001 while Fig. 4(b) those in the φ = In the third application, a radially inhomogeneous sphere is considered in which the relative permittivity varies with the radial distance inside the sphere. We divide the sphere into ten layers so that the permittivity in each layer can be proximately considered as a constant. The dielectric constant varies nonlinearly with the radial distance r , for instance, = 2 0 (1 + 40r 2 + 100r 3 ) , the permeability is assumed as µ 0 . Fig. 4(a) depicts the RCS's on different incident angle in the φ = 0-plane for ξ = 0.001 while Fig. 4(b) those in the φ = It can be seen that for these two cases, as chiral admittance increases the wave absorption characteristics is lessened. It is obvious that the chiral admittance affects the scattering and absorption characteristics. This is in good agreement with [8] .
For a ten-layered chiral sphere, the incident wave of perpendicular polarization is included in our consideration. Fig. 8(a) illustrates the RCS in the φ = 0 plane for ξ = 0.001 and 0.002. The RCS in the φ = π 2 plane for ξ = 0.001 and 0.002 is shown in Fig. 8(b) . The radius of the sphere is 10 cm and the incident angle is 90 • . As the Although four cases (one for algorithm verification and the other three for applications) are considered in the numerical analysis in the paper, the formulation and the computer program are applicable to any other multilayered spherical geometries with different material parameters.
CONCLUSIONS
This paper has presented an efficient technique using the discretized multiple layer structure to obtain analytic solutions to the electromagnetic scattering by an inhomogeneous and/or multilayer chiral sphere for both incident waves of the parallel and perpendicular polarizations. The coupled wave equation for chiral media are transformed first into a set of decoupled wave equations so that classical eigenfunction techniques could be employed. The analysis is quite generalized for arbitrarily multilayered chiral spheres, applicable to a chiral sphere of any size and of any number of layers at any operating frequency. Each of the layer or region could be lossy or lossless, and it can also be inhomogeneous or homogeneous. The incident angle of two polarized waves is assumed to be arbitrary. Numerically, the solution requires the computation of M 4×4-matrices for an M -layer sphere. Numerical results illustrate that the chirality of the sphere plays a significant role on the scattered field. For a lossy chiral sphere, the RCS values change in a larger range than that for a lossless sphere. It is realized from the numerical computation that more summations are needed to achieve convergence if we consider a chiral sphere of larger size or at a higher frequency.
